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In this paper we present an iterative method to generate an infinite class of new nonlocal field
theories whose propagators are ghost–free. We first examine the scalar field case and show that
the pole structure of such generalized propagators possesses the standard two derivative pole and
in addition can contain complex conjugate poles which, however, do not spoil at least tree level
unitarity as the optical theorem is still satisfied. Subsequently, we define analogous propagators
for the fermionic sector which is also devoid of unhealthy degrees of freedom. As a third case, we
apply the same construction to gravity and define a new set of theories whose graviton propagators
around the Minkowski background are ghost–free. Such a wider class also includes nonlocal theories
previously studied, and Einstein’s general relativity as a peculiar limit. Moreover, we compute the
linearized gravitational potential generated by a static point–like source for several gravitational
theories belonging to this new class and show that the nonlocal nature of gravity regularizes the
singularity at the origin.
I. INTRODUCTION
Einstein’s general relativity (GR) has been the most
successful theory of gravity so far, indeed its predic-
tions have been tested to very high precision in the in-
frared (IR) regime, i.e. at large distances and late times
[1], though it still needs to be tested at cosmological
scales. However, despite its great achievements, there
are still unsolved problems suggesting that Einstein’s GR
can be only seen as an effective field theory of gravita-
tional interaction, which works very well at low energy
but breaks down in the ultraviolet (UV) regime, i.e. at
short–distances and high energies. In fact, at the classical
level the Einstein-Hilbert Lagrangian,
√−gR, is plagued
by blackhole and cosmological singularities [2], while at
the quantum level it turns out to be perturbatively non-
renormalizable [3, 4].
The most conservative way to extend GR geometri-
cally is to add terms quadratic in the curvatures to
the Einstein-Hilbert action, like for example R2 and
RµνRµν . This kind of action was shown to be power
counting renormalizable in Ref. [5], but still pathological
because of the presence of a massive spin-2 ghost degree
of freedom which causes Hamiltonian instabilities at the
classical level, and breaks the unitarity condition of the
S–matrix at the quantum level1.
The emergence of ghost fields is related to the fact that
the field equations contain higher order time derivatives
[10]. In the last decades, it was realized that ghost–like
degrees of freedom can be still avoided if the derivative or-
der is not finite but infinite. Indeed, by constructing the
quadratic part of the action in terms of non–polynomial
1 See Refs. [6–9] in which a new quantization prescription is pro-
posed and shown to preserve unitarity: the ghost is converted
into a fake degree of freedom (fakeon), so that the optical theo-
rem can still hold.
differential operators, like e/M
2
, with M being a new
fundamental scale, one can prevent the presence of un-
healthy poles in the particle spectrum as initially noticed
in [11–14]. The presence of non-polynomial derivatives
makes the action nonlocal, and this kind of nonlocal mod-
els were already studied in the early fifties to deal with
UV divergences in loop integrals, see Refs. [15]. This
possibility turned out to be very promising and has mo-
tivated a deeper investigation of this unexplored sector
of nonlocal (or infinite derivative) field theories.
First relevant applications of infinite derivative field
theories in a gravitational context were made in Refs.
[16–19] in which a stable and unitary quadratic curva-
ture theory of gravity was constructed around maximally
symmetric background; see also Ref. [20] for a more gen-
eral treatment including some non–maximally symmetric
spacetime. It was also noticed that the presence of nonlo-
cality can regularize infinities and many efforts have been
made towards the resolution of black hole [17, 18, 21–33]
and cosmological [16, 34–37] singularities. At the quan-
tum level, the high energy behavior of loop integrals has
been investigated in [38–41] and properties of causality
and unitarity in [42, 43] and [44–47], respectively. Com-
putations of scattering amplitudes were performed in [48–
50], while a detailed study of spontaneous breaking of
symmetry with nonlocal interactions in [51, 52]. Appli-
cations also appeared in the context of astrophysical com-
pact objects [53, 54], cosmological inflation [55], thermal
field theory [56–59], supersymmetry [60, 61], Hawking ra-
diation [62], Galilean theories [63], quantum mechanics
[64–67], curved Casimir effect [68] and neutrino oscilla-
tions [69].
To better understand our framework, let us briefly re-
view the main aspects of such kind of nonlocal field theo-
ries. For simplicity, we consider a Lagrangian for a scalar
field of the following type (here we adopt the signature
convention (−+ ++) and the Natural Units ~ = 1 = c):
L = 1
2
φF ()φ− V (φ) , (1)
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2where the differential operator F () is required to be an
entire function of the d’Alembertian, so that it has no
poles in the whole complex plane2, and physically it rep-
resents the kinetic operator, while V (φ) is some generic
potential. From the Weierstrass theorem for the entire
functions, it follows that the operator F () can be writ-
ten as
F () = −eγ()
N∏
i=0
(−+m2i )ri , (2)
where the function γ() is also entire, the constants m2i
can be complex numbers and stand for the zeroes of the
function F (), while ri is the multiplicity of each i–th
zero. The natural number N can be either finite or infi-
nite, and counts the zeroes of the kinetic operator, or in
other words, the number of distinct poles of the propa-
gator3
Π(p2) =
−1
F (p2)
=
1
f(p2)
1
p2 +m2
, (3)
where the function f(p2) may possess additional zeroes
which would contribute to the propagator as extra poles
due to higher derivatives.
It is well known that in order to avoid instabilities, i.e.
ghost modes, the number of real poles and its multiplicity
cannot exceed one. For instance, one possibility in order
to avoid Hamiltonian instabilities and preserve unitarity
is [11, 14, 16, 18, 43]
F (p2) = −eγ(p2)(p2+m2) ⇒ Π(p2) = e
−γ(p2)
p2 +m2
, (4)
whose only pole is p2 = −m2 since the exponential of
entire function e−γ(p
2) does not introduce any extra ze-
roes in the denominator; we adopt the normalization
eγ(−m
2) = 1, which is usually chosen [43]. Therefore,
although the theory is made up of infinitely higher order
derivatives, the number of degrees of freedom and also
initial conditions is still finite [76, 77], that is, two in this
case.
Note that similar infinite order differential operators
also appear in the context of string field theory [78–82]
and p-adic string [83].
Very interestingly, in Ref. [63] it was pointed out that
tree level unitarity can be preserved even in presence of
pairs of complex conjugate poles, indeed it so happens
2 Note that we do not consider non–analytic differential operators
like 1/ and log(), which are also known and studied in the
literature; see for instance Refs. [70–75]
3 To be more precise we should explicitly show the minus sign
coming from the Fourier transform, i.e. we should write either
F (−) ↔ F (p2) or F () ↔ F (−p2). However, to simplify the
notation we adopt the convention F () ↔ F (p2) for any of the
functions used in this paper, but of course the minus sign is
shown in the explicit expressions on the right hand side.
that the optical theorem 2Im {T} = T †T is still satisfied
as the complex conjugate pair does not contribute to the
imaginary part of the amplitude T. For instance, a kinetic
operator of the type
F (p2) = −eγ(p2)(p2 +m2)(p2 + iM2)(p2 − iM2)
= −eγ(p2)(p2 +m2)(p4 +M4) ,
(5)
would give an higher derivative theory which is unitary;
see also Ref. [6, 85] for investigations on local field the-
ories with complex conjugate poles known as Lee-Wick
theories.
In Ref. [63] the following nonlocal differential operator
was studied:
F (p2) =−M2
(
ep
2/M2 − 1
)
, (6)
f(p2) ≡ −F (p
2)
p2
=M2 e
p2/M2 − 1
p2
, (7)
whose corresponding propagator
Π(p2) =
1
M2
1
ep2/M2 − 1 , (8)
is characterized by an infinite set of pairs of complex con-
jugate poles: p2 = i2piM2`, with ` ∈ Z. Once can show
that the optical theorem is not violated at tree level for
the propagator in Eq. (8) [63] (see also Subsection II B be-
low). The same construction can be also performed in a
gravitational context around the Minkowski background,
where one can define a ghost–free nonlocal graviton prop-
agator made up of the standard massless pole, p2 = 0,
plus an infinite set of complex conjugate pairs4.
Here, our aim is to enlarge the class of ghost–free prop-
agators, first in the scalar and fermionic sectors, and then
perform the same construction for gravity, so that we can
find a new infinite class of ghost–free nonlocal theories
which extends non–trivially others already known in the
literature. We will present an iterative method to gener-
ate a infinite tower of nonlocal theories which preserves
tree level unitarity despite possessing higher (infinite) or-
der time derivatives.
The paper is organized as follows. In Section II, we
present an iterative procedure to construct generalized
ghost–free propagators and give a mathematical proof of
its validity at any order in the iteration. In Section III,
we perform an analogous construction for the fermionic
sector. In Section IV, we briefly review the main as-
pects of generalized quadratic curvature actions around
the Minkowski background. In Section V, we specialize
the iterative procedure introduced in Section II to the
gravitational context and construct a new class of gen-
eralized ghost–free graviton propagators. Section VI is
4 It is worthwhile mentioning that in Refs. [87, 88], it was noticed
that ghost–free nonlocal theories can even admit propagators
possessing the standard single real pole plus a brunch cut.
3devoted to the computation of the gravitational poten-
tial generated by a static point–like source for several
gravitational theories belonging to this new class. We
show that, in the linear regime, the infinite derivative
nature of gravity can cure the curvature singularity at
the origin. In Section VII, we draw our conclusions.
In the rest of the paper we set M = 1 for simplicity.
II. GHOST–FREE SCALAR PROPAGATORS
From now on we only work in the massless case, i.e. we
assume that the only real pole of the low–energy theory is
p2 = 0, as we will be interested in generalizing the same
analysis to the gravity sector; however, all our results can
be easily adapted to the massive case.
The function f(p2) in Eq. (3) contains all the informa-
tion on extra poles in the propagator or, in other words,
new degrees of freedom. As already mentioned in the
Introduction, it is clear that if such a function is an ex-
ponential of entire function,
f (0)(p2) = eγ(p
2) ⇒ Π(0)(p2) = e
−γ(p2)
p2
, (9)
then no additional pole appear and the propagator turns
out to be ghost–free [11, 14, 16, 18]. From now on, we
simply set γ(p2) = p2, that is, f (0)(p2) = ep
2
.
Moreover, also the propagator in Eq. (8) was shown to
be ghost–free at tree–level [63]:
f (1)(p2) =
ep
2 − 1
p2
⇒ Π(1)(p2) = 1
ep2 − 1 , (10)
as no extra real pole appear but only complex conjugate
pairs.
We can now notice a very intriguing fact. The propa-
gator in Eq. (10) is constructed in terms of the function
f (0)(p2) in Eq. (9) which defines the propagator Π(0)(p2),
indeed the following relation holds true:
f (1)(p2) =
f (0)(p2)− 1
p2
. (11)
Remarkably, this means that we have managed to con-
struct a new ghost–free theory starting from another one
which was already known. Thus, it is very natural to ask
ourselves whether this property is just a coincidence or
it can be generalized and carried on iteratively at higher
steps, namely if something like
f (n)(p2) = cn
f (n−1)(p2)− 1
p2
, (12)
with cn being constant coefficients to be fixed, can de-
scribe new ghost–free theories for any n ≥ 1.
In the next subsection we will find a positive answer
to our question.
A. Iterative procedure and proof for ghost–freeness
In order to make the notation simpler, let us define
z ≡ p2.
First of all, the coefficients cn can be determined by
requiring that the generalized propagator has a well de-
fined low energy limit, i.e. by construction we require
lim
z→0
f (n)(z) = 1 ⇒ cn = n . (13)
Therefore, the iterative relation reads
f (0)(z) = ez , f (n)(z) = n
f (n−1)(z)− 1
z
. (14)
To avoid the appearance of unhealthy degrees of free-
dom, the function f (n)(z) must not possess any real zero,
so that not extra real pole is introduced in the propaga-
tor besides the massless one (z = 0) . In fact, we will
show that the functions f (n)(z) are always positive for
any z ∈ R, therefore the only extra poles they can pos-
sess are complex and have to come in conjugate pairs.
Proof. In order to prove ghost–freeness, we can recast
f (n)(z) in the convenient form
f (n)(z) =
n!
zn
(
ez −
n−1∑
k=0
zk
k!
)
. (15)
The validity of Eq. (15) can be demonstrated by induc-
tion. First, notice that it holds for n = 1 (see Eqs. (10)).
As a second part of the induction, we want to show that
if it holds for n, then it will also be valid for n+1. Indeed,
from Eq. (14) we can write:
f (n+1)(z) = (n+ 1)
f (n)(z)− 1
z
=
(n+ 1)!
zn+1
(
ez −
n−1∑
k=0
zk
k!
− z
n
n!
)
=
(n+ 1)!
zn+1
ez − (n+1)−1∑
k=0
zk
k!
 ,
(16)
which proves the validity of Eq. (15).
By making use of the identity
n−1∑
k=0
zk
k!
= ez
Γ(n, z)
(n− 1)! , (17)
with
Γ(n, z) =
ˆ ∞
z
dt tn−1e−t (18)
being the incomplete gamma function, we can recast
Eq. (15) in the following elegant form:
f (n)(z) = ezz−ngn(z), gn(z) ≡ n!− nΓ(n, z) . (19)
To prove that the above function is always positive let us
divide the proof in two parts.
4• n is even: In this case the sign of f (n)(z) is equal to
that of gn(z) except z = 0. Moreover, the deriva-
tive of gn(z) reads
g′n(z) ≡
dgn(z)
dz
= ne−zzn−1 , (20)
which is positive for z > 0 and negative for z < 0 .
This means that the function gn(z) has a minimum
at z = 0 where gn(0) = 0. Therefore, gn(z) > 0 for
any z ∈ R except z = 0, together with f (n)(0) = 1,
which implies f (n)(z) > 0 for any z ∈ R.
• n is odd: From Eq. (20) it follows that g′n(z) > 0
for any z ∈ R except z = 0 and since gn(0) = 0, it
follows that gn(z) > 0 for z > 0, while gn(z) < 0 for
z < 0. Therefore, from Eq. (19) and f (n)(0) = 1,
we obtain that f (n)(z) > 0 for odd n too.
Hence, we have shown that the functions f (n)(z) are
always positive on the real axis so that no extra real pole
appear in the propagator, which turns out to be ghost–
free at tree level.

In coordinate space, the new class of generalized ghost–
free theories is described by the kinetic terms
L(n) = 1
2
φ f (n)()φ ,
f (n)() = e
−
(−)n [n!− nΓ (n,−)] ,
(21)
while the generalized propagators in momentum can be
expressed in the following compact form:
Π(n)(p2) =
e−p
2
p2n
n!− nΓ (n, p2)
1
p2
. (22)
Clearly the analogous formulas in the massive case can
be obtained by sending p2 → p2 + m2 or, equivalently,
→ −m2.
Let us now make some remark on the above result.
1. Geometrical interpretation
We can notice that Eq. (14) has a precise geometrical
meaning: at each n–th order the function f (n)(z) is pro-
portional to slope of the function f (n−1)(z) between the
points z and z0 = 0 at which f
(n−1)(z0) = 1, and the
constant of proportionality is n. Since the starting func-
tion is f (0)(z) = ez, then any n–th order is related to the
(n− 1)–th slope of the exponential ez :
f (n)(z) = n
(n− 1) (n−2)
3
2
ez−1
z
−1
z
−1
...
z −1
z − 1
z
. (23)
In functional analysis there exists the concept of higher
order convexity. Any function h(x) is said to be n–convex
if and only if its (n − 1)–derivative exists and is convex
or, in other words, if its (n + 1)–derivative exists and is
positive. Moreover, one can also show that if a function
is n–convex, then its k–th sloop, with k = 1, . . . , n is
positive; see Ref. [89] and references therein for details.
In our case the function h(x) is given by the expo-
nential ez which is an n–convex function for any n ∈ N
as d(n)ez/dzn = ez > 0. Therefore, the proof presented
above is consistent with already existing mathematical
theorems on n–convex functions, and represent a specific
subcase of a more general topic in functional analysis.
2. n→∞ limit
We can also ask whether the class of theories described
by the set of functions
{
f (n)(z)
}
has a well defined n→
∞ limit, and which is the corresponding theory, f (∞)(z),
to which it tends. By taking the limit for n → ∞ we
obtain (see Eq. (21))
f (∞)(z) ≡ lim
n→∞ f
(n)(z) = 1, (24)
which corresponds to the local Klein-Gordon propagator,
Π(∞)(p2) = 1/p2.
This is not so surprising if we think that quantum field
theory with the canonical kinetic term of two derivatives
is unitary and, therefore, it must consistently belong to
the class of ghost–free theories found above.
B. Tree level unitarity
Given the compact expression for f (n)() in Eq. (21),
we can now discuss the pole structure of the propagator
(22) in relation to unitarity.
1. Optical theorem
The unitarity condition of the S-matrix is defined by
the identity
S†S = 1, (25)
which, by introducing the amplitude T such that S =
1 + iT, can be also recast in the form
i(T † − T ) = T †T, (26)
known as optical theorem [90]. By introducing |b〉 and |a〉
as out– and in–states, respectively, and using the com-
pleteness relation, we can write the optical theorem as
i
[〈
b|T †|a〉− 〈b|T |a〉] = ∑
n
〈
b|T †|n〉 〈n|T |a〉 . (27)
5Let us now introduce the matrix M, whose components
(Feynman diagrams) are defined through the relations
〈b|T |a〉 = (2pi)4δ(4)(Pb − Pa) 〈b|M |a〉 , (28)
where Pb and Pa are the outgoing and ingoing momenta,
respectively. In terms of the Feynman amplitudes, the
optical theorem in Eq.(27) reads
i
[〈
b|M†|a〉− 〈b|M |a〉] = ∑
n
n∏
l=1
ˆ
d3kl
(2pi)3
1
2El
×(2pi)4δ(4)
(
Pa −
n∑
l=1
kl
)〈
b|M†| {kl}
〉 〈{kl} |M |a〉 ,
(29)
where we have explicitly written the phase space integral
in the completeness relation, i.e.
1 =
∑
n
n∏
l=1
ˆ
d3kl
(2pi)3
1
2El
|{kl}〉 〈{kl}| , (30)
with the energies El =
√
~p2l +m
2.
Note that, in the case a = b (forward scattering ampli-
tude) Eq.(29) reduces to
2Im {〈a|M |a〉} =
∑
n
n∏
l=1
ˆ
d3k
(2pi)3
(2pi)4
2El
×δ(4)
(
Pa −
n∑
l=1
kl
)
|〈{kl} |M |a〉|2 ≥ 0 ,
(31)
which implies that the imaginary part of any forward
scattering amplitude has to be non–negative. For exam-
ple, if we consider a simple amplitude with two constant
vertexes and a single internal propagator Π(p2), the opti-
cal theorem implies Im
{
Π(p2)
} ≥ 0. Field theories with
higher order time derivatives, like the one in Ref. [5], are
usually characterized by a violation of unitarity as the
ghost component of the propagator satisfies the wrong
inequality, Im
{
Πghost(p
2)
}
< 0.
2. Pole structure
We now want to show explicitly that tree level unitarity
is satisfied for the new class of nonlocal theories found
above.
First of all, as shown above p2 = 0 is always the only
real pole (or, p2 = −m2 in the massive case). Besides
this massless pole, the only other possibility is that pairs
of complex conjugate poles appear.
The equation to be satisfied by the additional poles is
Γ(n, p2) = (n− 1)! , n ≥ 1; (32)
while for the propagator with n = 0 we have no extra
poles (see Eq. (4)) [11, 16, 18]. From Eq. (32), it follows
that if p2 is a solution, then also its complex conjugate
(p2)∗ will be a solution.
The case n = 1 gives ep
2
= 1, which is the same as
Eq. (8) and contains infinite pairs of complex conjugate
poles, indeed the propagator can be written as [63]
Π(1)(p2) =
e−
p2
2
p2
+e−
p2
2
∞∑
`=1
(−1)`
(
1
p2 + i2pi`
+
1
p2 − i2pi`
)
.
(33)
For other ghost–free theories with generic n, the propaga-
tor Π(n)(p2) will exhibit the same feature. For instance,
for some n we have checked graphically that infinite pairs
of complex conjugate poles also appear. Hence, the most
general form of the propagator will be given by
Π(n)(p2) = eγ˜(p
2)
[
1
p2
+
∞∑
`=0
(
c
(n)
`
p2 + (µ
(n)
` )
2
+
c
(n)∗
`
p2 + (µ
(n)∗
` )
2
)]
,
(34)
where γ˜(p2) is an entire function of p2, (µ
(n)
` )
2 are the
complex poles and c
(n)
` the residues of the propagator
at each pole (except the factor of eγ˜(p
2)). One can easily
show that for the propagator in Eq. (34) the optical theo-
rem is still preserved at tree level, i.e. Im
{
Π(n)(p2)
}
> 0,
by using the fact that (see also Ref. [63])
Im
{ ∞∑
`=0
(
c
(n)
`
p2 + (µ
(n)
` )
2
+
c
(n)∗
`
p2 + (µ
(n)∗
` )
2
)}
= 0 .
(35)
Case n = 1 : first example
To better understand the result, let us study in more
details the nonlocal model with n = 1
L(1) = 1
2
φ
(
e−+m
2 − 1
)
φ , (36)
as in this case we can analytically determine the pole
structure; we consider a non–zero mass to be more gen-
eral. In particular, we investigate the optical theorem for
two different interaction terms.
As a first example, we analyze a simple cubic interac-
tion with coupling constant λ,
V (φ) = λφ3 , (37)
whose corresponding tree level amplitude for a 2 → 2
scattering is given by
〈p3p4|M |p1p2〉 = λ2Π(1)(p2) , (38)
where p2 = (p1 + p2)
2 = (p3 + p4)
2 is the total momen-
tum squared of the two scattered particles, with p1, p2
6and p3, p4 being the ingoing and outgoing momenta, re-
spectively.
First, let us consider the case in which in– and out–
states are the same, i.e. let us check the validity of
Eq.(31). The left hand side (LHS) coincides with the
imaginary part of the propagator (up to numerical fac-
tors):
Im {〈p1p2|M |p1p2〉} = λ2Im
{
e−(p
2+m2)/2
p2 +m2 − i
}
= λ2
e−(p
2+m2)/2
(p2 +m2)2 + 2
= λ2piδ(4)(p2 +m2) > 0 ,
(39)
where to go from first to second line we have used
Im
{ ∞∑
`=1
(−1)`
(
1
p2 +m2 + i2pi`
+
1
p2 +m2 − i2pi`
)}
= 0 ,
(40)
while from the second to the third line we have taken the
limit  → 0. From Eq. (40), we can notice that having
complex poles appearing in conjugate pairs is crucial in
order to preserve tree level unitarity. Thus, the LHS in
Eq.(31) reads
LHS = 2piλ2δ(4)(p2 +m2) . (41)
As for the right hand side (RHS) of Eq.(31), we have
only one intermediate state (internal line), i.e. n = 1
and |{kl}〉 = |k〉 , therefore we obtain
RHS =
ˆ
d3k
(2pi)3
(2pi)4
2Ek
δ(4)(p1 + p2 − k) |〈k|M |p1p2〉|2
= 2piλ2
ˆ
d4kδ(4)(k2 +m2)δ(4)(p1 + p2 − k)
= 2piλ2δ(4)(p2 +m2) ,
(42)
which matches with the LHS in Eq.(41). Note that, to
go from the first to the second line of Eq.(42) we have
used the identity
´
d3k
(2pi)3
1
2Ek
=
´
d4k
(2pi)4 2pi δ
(4)(k2 + m2)
and 〈k|M |p1p2〉 =
〈
p1p2|M†|k
〉
= λ.
So far we have shown the optical theorem only in the
case of forward scattering amplitude in Eq.(31), i.e. with
a = b, but by following similar steps we can show the
validity of Eq.(29) with a 6= b too. Indeed, since the
vertex is a constant we can easily understand that we
obtain again
LHS = i
[〈
p3p4|M†|p1p2
〉− 〈p3p4|M |p1p2〉]
= 2λ2Im
{
Π(1)(p2)
}
= 2piλ2δ(4)(p2 +m2) .
(43)
Furthermore, for the right hand side the same happens,
indeed we have 〈k|M |p1p2〉 =
〈
p3p4|M†|k
〉
= λ, which
still implies RHS = 2piλ2δ(4)(p2 +m2). Thus, the optical
theorem is satisfied at tree level.
3. Case n = 1 : second example
As a second example of interaction, we can consider a
nonlocal extension of the Galilean scalar Lagrangian [91]
introduced in [63]:
V (φ) = λ
(
e − 1
)
φ
(
e − 1)
 ∂µφ
(
e − 1)
 ∂
µφ . (44)
The corresponding 2→ 2 scattering tree level amplitude
now is more involved:
〈p3p4|M |p1p2〉 = V (p1, p2, p)Π(1)(p2)V (p, p3, p4) ,
(45)
where the vertex reads
V (p1, p2, p) = λ
(
e−p
2
1 − 1
)(
e−p
2
2 − 1
)(
e−p
2 − 1
)
×
(
p1 · p2
p21p
2
2
+
p1 · p
p21p
2
+
p2 · p
p22p
2
)
.
(46)
Let us prove the optical theorem directly for any a and
b, either equal or different. The LHS in Eq.(29) reads
LHS = i
[〈
p3p4|M†|p1p2
〉− 〈p3p4|M |p1p2〉]
= 2piλ2
(
em
2 − 1
)6(p1 · p2
m4
− 1
m2
)2
δ(4)(p2 +m2) ,
(47)
where we have used p2i = −m2 for the on–shell momenta
and p1 ·p2 = p3 ·p4. Moreover, after computing the quan-
tities〈
p3p4|M†|k
〉
= λ
(
em
2 − 1
)2 (
e−k
2 − 1
)
×
(
p3 · p4
m4
+
p3 · k
p23k
2
+
p4 · k
p24k
2
)
,
(48)
and
〈k|M |p1p2〉 = λ
(
em
2 − 1
)2 (
e−k
2 − 1
)
×
(
p1 · p2
m4
+
p1 · k
p21k
2
+
p2 · k
p22k
2
)
,
(49)
we can perform the integral on the right hand side of
Eq.(29) and obtain LHS = RHS, so that the optical the-
orem is satisfied.
Finally, let us point out that the class of ghost–free
theories we have constructed is even wider, indeed we can
include generic entire functions γ() in the exponentials
in Eqs.(21,22) by only requiring that γ(0) = 0. Although
no extra real pole appear, for generic entire function the
n→∞ limit changes.
In this paper we only consider γ() = −.
III. GHOST–FREE FERMION PROPAGATORS
In this Section we define analogous generalized nonlo-
cal Lagrangians in the fermionic sector and also in this
7case find a new class of propagators which satisfy tree
level unitarity.
It is not difficult to understand that the fermion La-
grangian corresponding to the scalar one in Eq. (21) is
given by
L(n)F = −ψ¯ f (n)()iγµ∂µ ψ , (50)
where γµ are the Dirac matrices. Indeed, the propagator
can be written in terms of the scalar one in Eq. (22) as
follows:
Π
(n)
F (p
2) = − 1
f (n)(p2)
1
γµpµ
= /pΠ
(n)(p2) ,
(51)
where in the last step we have used the relation
{γµ, γν} = −2ηµν and introduced the notation /p = γµpµ.
Also in this case, analogous formulas in the massive case
can be obtained by sending /p → /p −m or, equivalently,
i/∂ → i/∂+m. From Eq. (24), it is clear that in the n→∞
limit we obtain the Dirac Lagrangian
L(∞)F = −ψ¯iγµ∂µψ . (52)
It is worthwhile mentioning that the fermion Lagrangian
in Eq. (50) can be rigorously obtained in a supersym-
metric description, indeed it turns out to be the coun-
terpart of the scalar Lagrangian in Eq. (21). Indeed, in
Ref. [61] it was shown that for any scalar kinetic oper-
ator f(), the corresponding one for fermions is given
by −f()iγµ∂µ.
Note that, the fermion Lagrangian and propagator
with n = 0 has been already considered in the litera-
ture [40, 48], while all other theories (n ≥ 1), to the best
of our knowledge, have not been investigated so far.5
It is clear that the pole structure of the propagator in
Eq. (51) is the same as that in the scalar case, indeed
we have a pole at p2 = 0 (or p2 = −m2 in the massive
case), and in addition pairs of complex conjugate poles.
As a consequence, this new class of nonlocal fermion La-
grangians possess a propagator which still satisfies tree
level unitarity despite the presence of higher time deriva-
tives.
One can show that all the arguments presented in the
previous Section apply to the fermionic sector too. For
instance, one can consider the nonlocal kinetic operator
in Eq. (50) in presence of a Yukawa interaction term
VF (φ, ψ¯, ψ) = λφψ¯ψ , (53)
and show that, in both cases of fermion and scalar in-
ternal propagators, the imaginary part of the tree level
5 In the appendix of Ref. [63], another nonlocal extension of a
Dirac action is proposed. But, it has a massless pole as well as
an infinite number of real tachyonic poles, which might lead to
tachyonic instabilities.
scattering amplitude is non–negative. Indeed, the crucial
role is still played by the presence of complex conjugate
pairs which cancel each other when evaluating the imag-
inary part of the amplitude.
IV. QUADRATIC CURVATURE ACTIONS
The iterative procedure introduced above can be also
used to generate new ghost–free gravitational theories, as
we will show below. In order to set up our framework,
in this Section we review the main aspects of quadratic
curvature gravity around flat spacetime.
One can show that the most general parity-invariant
and torsion-free action up to linear perturbations around
Minkowski background is given by [18]6:
S =
1
2κ2
ˆ
d4x
√−g
{
R+ 1
2
[RF1()R+RµνF2()Rµν ]
}
(54)
where κ :=
√
8piG = 1/Mp, with G being the New-
ton constant and Mp the Planck mass, and the differ-
ential operators Fi() are uniquely determined around
Minkowski once the graviton propagator is known [17, 18]
(see also Ref. [92] for a more general action including tor-
sion). In particular, by perturbing the metric around flat
spacetime,
gµν = ηµν + κhµν , (55)
with hµν being the metric perturbation, we obtain the
action up to order O(h2µν) [18]:
S(2) =
1
4
ˆ
d4x
{
1
2
hµνf()hµν − hσµf()∂σ∂νhµν
−1
2
hg()h+ hg()∂µ∂νhµν
+
1
2
hλσ
f()− g()
 ∂λ∂σ∂µ∂νh
µν
}
;
(56)
h ≡ ηµνhµν is the trace and  = ηµν∂µ∂ν the flat
d’Alembertian, while
f() = 1+1
2
F2(), g() = 1−2F1()−1
2
F2() .
(57)
We can obtain the graviton propagator around
Minkowski by adding a gauge fixing term and inverting
6 Since we are interested in second order metric perturbations of
the gravitational action around Minkowski, we can always ne-
glect the term RµνρσF3()Rµνρσ up to this order. Indeed, the
following identity is valid for any power n of  :
RµνρσnRµνρσ = 4RµνnRµν −RnR+O(R3) + div,
where O(R3) includes higher order contributions O(h3) and div
stands for boundary terms.
8the graviton kinetic operator. One can show that its sat-
urated part reads [11, 14, 17, 18]:
Πµνρσ(p
2) =
P2µνρσ
f(p2)p2
+
P0s,µνρσ
(f(p2)− 3g(p2))p2 , (58)
where the spin projection operators P2µνρσ and P0s,µνρσ
[86] project along the spin–2 and spin–0 components of
any symmetric two–rank tensor, respectively. For f =
1 = g we recover the Einstein-Hilbert propagator,
ΠGR,µνρσ(p
2) =
P2µνρσ
p2
− P
0
s,µνρσ
2p2
, (59)
which possesses both spin–2 and spin–0 components off–
shell, while on–shell only the spin–2 (with ±2 helicties)
survives.
A. Spin-2 graviton propagator
For simplicity, in what follows we consider gravita-
tional theories whose graviton propagator contains only
a spin–2 component on–shell. To achieve this we need to
demand the necessary condition
F1() = −1
2
F2() ⇔ f() = g(), (60)
which gives the gravitational action
S =
1
2κ2
ˆ
d4x
√−g {R −GµνF()Rµν} , (61)
with Gµν = Rµν − 1/2gµνR being the Einstein tensor
and we have redefined
F() ≡ F1() = −f()− 1 . (62)
The corresponding graviton propagator reads
Πµνρσ(p
2) =
1
f(p2)
(
P2µνρσ
p2
− P
0
s,µνρσ
2p2
)
. (63)
Note that the last expression for the graviton propagator
is analogue to the one in Eq. (3) for a scalar field, and
the function f(p2) has exactly the same meaning.
V. GHOST–FREE GRAVITON PROPAGATORS
The iterative procedure introduced in Section II can
be applied straightforwardly to the gravitational context,
but in this case the construction is even richer as we
can find a relation between the functions f (n)(p2) and
the form factors F (n−1)(p2) at each n–th order of the
iteration.
At 0–th order, the graviton propagator is given by
f (0)(p2) = ep
2
⇒ Π(0)µνρσ(p2) = e
−p2
p2
(
P2µνρσ −
1
2
P0s,µνρσ
)
,
(64)
and using Eq. (62), we also obtain the corresponding form
factor
F (0)(p2) = e
p2 − 1
p2
. (65)
At 1–st order, we have
f (1)(p2) =
ep
2 − 1
p2
⇒ Π(1)µνρσ(p2) =
1
ep2 − 1
(
P2µνρσ −
1
2
P0s,µνρσ
)
,
(66)
while the form factor reads
F (1)(p2) =
ep
2−1
p2 − 1
p2
=
ep
2 − 1− p2
p4
. (67)
We can now notice that the function f (1)(p2) coincides
with the form factor of the previous iterative order, i.e.
f (1)(p2) = F (0)(p2). This means that we have managed to
construct a new ghost–free gravitational theory starting
from another one which was already known. From the
iterative relation in Eq. (14) obtained in the scalar field
case, it follows that for gravity the following relations
hold true:
f (0)(z) = ep
2
,
f (1)(p2) = F (0)(p2) ,
f (2)(p2) = 2F (1)(p2) ,
...
f (n)(p2) = nF (n−1)(p2) ,
...
(68)
and at any n-th order we obtain a new class of gravita-
tional theories whose propagators
Π(n)µνρσ(p
2) =
1
f (n)(p2)
(
P2µνρσ
p2
− P
0
s,µνρσ
2p2
)
, (69)
are ghost–free as no extra real pole appears besides
p2 = 0; recall that the expression for f (n)(p2) is given
in Eq.(21).
VI. NONSINGULAR GRAVITATIONAL
POTENTIALS
In this Section we compute the linearized gravita-
tional potential generated by a static point–like source
9for several theories belonging to the new class constructed
above, and show that the presence of non–polynomial op-
erators in the action, i.e. of infinite order derivatives, is
crucial in order to regularize the singularity at the origin.
First of all, we can write the following generalized
quadratic action whose graviton propagator is ghost–free
around the Minkowski background:
S =
1
2κ2
ˆ
d4x
√−g
{
R−Gµν 1R
µν
−Gµν e
−
(−)n+1 [n!− nΓ (n,−)]R
µν
}
.
(70)
By varying the corresponding linearized action, i.e.
Eq. (56) with f() = g()→ f (n)(), up to order O(h2)
and introducing the interaction with matter through the
stress–energy tensor Tµν , we obtain the field equations
f (n)()
(
hµν − ∂σ∂νhσµ − ∂σ∂µhσν
+ηµν∂ρ∂σh
ρσ + ∂µ∂νh− ηµνh) = −2κTµν
(71)
We choose the Newtonian gauge and express the metric
in isotropic coordinates,
ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dr2 + r2dΩ2), (72)
where we have introduced the gravitational potential Φ,
so that κh00 = −2Φ < 1, κhij = −2Φδij < 1 and κh =
−4Φ. In the case of a static point–like source we have
Tµν = mδ
0
µδ
0
νδ
(3)(~r), where m is the mass of the object.
Moreover, by imposing the conditions of staticity and
spherical symmetry, one can show that Eq. (71) reduces
to one single modified Poisson equation:
f (n)(∇2)∇2Φ(n)(r) = 4piGmδ(3)(~r), (73)
where we have used  ' ∇2, with ∇2 being the spatial
Laplacian.
Eq. (73) is highly nonlocal as it contains infinite order
derivatives through the function f (n)(∇2). However, we
can write its solutions in an integral form by using the
Fourier transform method:
Φ(n)(r) = −4piGm
ˆ
d3k
(2pi)3
1
f (n)(k2)
ei
~k·~r
k2
= −2Gm
pi
1
r
ˆ ∞
0
dk
1
f (n)(k2)
sin(kr)
k
= −2Gm
pi
1
r
ˆ ∞
0
dk
e−k
2
k2n−1
n!− nΓ(n, k2) sin(kr)
(74)
where k ≡ |~k| and we have used polar coordinates to go
from the first to the second line. The integral in Eq. (74)
can be solved analytically only for n = 0, which gives
Φ(0)(r) = −Gmr Erf( r2 ), while for any other theory with
n ≥ 1 we have to do it numerically. The case n = 0
has been already intensively studied in the literature
[18, 26, 81, 82], while the theory with n = 1 has been
0 1 2 3 4 5 6 7
-1.4
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-0.8
-0.6
-0.4
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2Φ
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n=2
n=3
n=4
n=5
GR
FIG. 1: We have showed the behavior of the gravitational
potential in Eq. (74) in the cases n = 0 (magenta line), n = 1
(red line), n = 2 (black line), n = 3 (orange line), n = 4 (blue
line) and n = 5 (green line), in comparison with the Newto-
nian potential (red dashed line). For n = 0 the integral can
be computed analytically, while for n > 0 we have evaluated
the integral numerically. For convenience we have set M = 1
and Gm = 3/8.
investigated only recently in Ref. [63]. Instead, to the
best of our knowledge, the theories with n ≥ 2 have been
never considered so far, indeed they are totally new and,
therefore, worth to analyze.
In Fig. 1, we have plotted the generalized gravita-
tional potential in Eq. (74) for several theories, n =
0, 1, 2, 3, 4, 5 , in comparison with the Newton potential.
As it is clear from the plot, we find that for all the ex-
amined nonlocal theories the potential is devoid of any
singularity, contrarily to the Newtonian one.
We also notice that by increase the number n, the be-
havior of the nonlocal potentials approaches the Newto-
nian one, meaning that theories with higher n describe a
stronger gravitational interaction. Note that, such a fea-
ture is consistent with the fact that in the n → ∞ limit
we get Einstein’s GR; see Eq. (24). Therefore, we have
Φ(∞)(r) ≡ lim
n→∞Φ
(n)(r) = −Gm
r
. (75)
VII. CONCLUSIONS
In this paper we have defined an iterative procedure
to generate an infinite class of ghost-free theories, which
non-trivially extends others previously studied and al-
ready known in the literature. We have performed the
same procedure first for a scalar field, then we applied
the same in the fermionic sector and, subsequently, we
focused on the gravity. We have classified such new theo-
ries in terms of the functions f (n)(), which describes the
additional pole structure. All the theories turn out to be
nonlocal except that corresponding to n =∞ which coin-
cides with their local limits, namely Klein-Gordon, Dirac
and Einstein’s GR. We have mathematically proven the
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ghost-freeness of these generalized propagators by show-
ing that the functions f (n)(p2) are always positive for
any p2 ∈ R, namely do not have any real zero. The only
possible zeroes must be complex and appear in conjugate
pairs; however, they do not spoil the optical theorem at
tree level.
Moreover, we have computed the generalized gravita-
tional potential generated by a point–like static source
and expressed it in a general integral form. In particu-
lar, we have shown that in the linear regime the singular-
ity at the origin from which Einstein’s GR suffers is now
regularized thanks to the smearing feature of nonlocality.
The next would-be task is to find a method to discrim-
inate these new class of theories. In fact, the original mo-
tivation of Ref. [63] was to discriminate nonlocal theories
from local ones. For this purpose, the local Galilean sym-
metry was extended to a nonlocal correspondence. We
are going to explore this kind of symmetry argument or
to derive some consistency relations for the new class of
ghost–free theories proposed in this paper, which would
be the clue for the discrimination of these theories.
To conclude, let us also mention that future investiga-
tions will also focus on the verification of optical theorem
at higher order in perturbation theory, by taking into ac-
count amplitudes with at least one loop.
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